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Abstract: This paper analyzes the transitional dynamics of an endogenous growth model 
with physical capital, human capital and R&D in which both human capital and innovation 
drives long run growth. The model suggests that the developing economy follows different 
stages of development. The first phase is characterized by physical capital accumulation. At 
the second stage, human capital accumulation represents the main engine of long run 
growth. The third phase is identified by an increasing variety of intermediate good originating 
from innovation. However, innovation is not assured for poor economies. In this case, 
permanent support for innovation can lead a sustainable exit from poverty trap. 
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1. Introduction  
The determinants of sustainable economic growth are at the center of the very latest 
economic debates. Although the bulk of the theoretical literature has treated physical capital 
accumulation, knowledge formation and R&D-based technological progress as the three key 
drivers of economic growth. The first strand of analysis considers that physical capital 
accumulation and exogenous technological change account for much of increase in 
economic growth rates (Solow, 1956). The second strand of analysis assumes that capital 
accumulation is the main engine of economic development (Lucas, 1988). The third strand 
of analysis sees economic development as the result of technological innovation that result 
from intentional investment decisions made by profit maximizing agents (Romer, 1990 and 
Grossman and Helpman, 1991). 
In this line, it is expedient mentioning that the most of theoretical contributions have treated 
R&D-based technological progress and knowledge formation-based growth as separately. 
As a notable exception, Funke and Strulik (2000) have triggered a vivid line of research by 
putting forward a unified growth model with physical capital, human capital and R&D. Funke 
and Strulik (2000) have assumed that economy passes through different phases of 
development. In the fully industrialized phase, innovation and education act jointly. Funke 
and Strulik (2000) present, therefore, a new theory of development in which the increasing 
pace of technological progress favors the demand for skilled labor in the industrial sector. 
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Since then, the research by Funke and Strulik (2000) has opened the horizon to several 
extensions. Gomez (2005; 2008) has analyzed the equilibrium dynamics of this model. 
Sequeira (2008) has developed an endogenous growth model whose originality is to 
incorporate an erosive effect of human capital by the fact that technological progress 
generates a depreciation of a certain type of human capital. Gomez (2011) has presented 
an extended endogenous growth model in which he incorporated an externality in the R&D 
sector. This feature of the model proved the existence of an adjustable dynamic in which 
innovative activities precedes human capital accumulation. Iacopetta (2010) has established 
a unified endogenous growth model that can generate a growth path in which R&D precedes 
human capital accumulation. Finally, Iacopetta (2011) has presented a unified endogenous 
growth model based on long-run U.S. data. 
With respect to this set of contributions, our model seeks to derive the equilibrium properties 
of an endogenous growth model in the spirit of Gomez (2005; 2011a; 2011b) and Funke and 
Strulik (2000). A particularity of this model is to incorporate international R&D spillovers via 
the imitation of new foreign technologies. The evolution of the number of patents depends, 
then, of the number of intermediate goods available at the world frontier. An emerging 
economy, can therefore make move ahead by assimilating international know and inventing 
new products. 
The remaining of this paper is organized as follows. The next section presents the underlying 
unified growth model. Section 3 studies the transitional dynamics of the economy. In section 
4, we analyze the equilibrium state, before concluding. 
 
 
2. Set up of the model 
Consider the following continuous time model with endogenous economic growth. The long 
run growth is determined by the interaction of three sectors: sector producing the final good, 
sector producing the intermediate good and R&D sector. 
 
2.1. Individuals and education 
We first describe the household optimization problem. The economy is inhabited by a 
constant population normalized to unity, of identical individuals who maximize the 
intertemporal utility function 
 

𝑈𝑡 = ∫ 𝑒𝜌𝑡𝐶1−𝜃/(1 − 𝜃)𝜕𝑡
∞

0
                                                                                 (1) 

 
where 𝜌 > 0  defines the time preference rate, 0 < 1 𝜃⁄ < 1 denotes the intertemporal 
elasticity of substitution and 𝐶𝑡 defines the consumption. 
The endowment of time, which is normalized to one, can be divided between spending time 
in education 𝑢𝐸 , innovating 𝑢𝐼 and producing 𝑢𝑃 , 𝑢𝐸 + 𝑢𝑃 + 𝑢𝐼 = 1 
The human capital accumulation is given by 
 

𝐻̇ = 𝑏(𝑢𝐸𝐻)𝜀(𝑢𝐸𝐻)̅̅ ̅̅ ̅̅ ̅̅ 1−𝜀, 𝑏 > 0, 0 < 𝜀 < 1                                                          (2) 
 

where (𝑢𝐸𝐻)̅̅ ̅̅ ̅̅ ̅̅  expresses a specific externality that is associated with the average effective 
time spent in education. Therefore, we assume the presence of diminishing returns to 
efficient learning time in education at the private level, combined with an external effect that 
restores constant returns to scale at the social level. 
The intertemporal budget constraint is written; after differentiation with respect to time 
 

𝐴̇ = 𝑟𝐴 + 𝑤(1 − 𝑢𝐸)𝐻 − 𝐶                                                                                 (3) 
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denotes the return per unit of aggregate wealth A and w denotes the wage rate per unit of 
human capital employed. 

Let defines 𝑔𝑋 
the growth rate of X , 𝑔𝑋 = 𝑋̇ 𝑋⁄ . The representative agent maximizes their 

intertemporal utility   (1) subject to their budget constraint (3) and the human capital 
accumulation (2). The first-order conditions give 
 

𝑔𝑐 = (𝑟 − 𝜌) 𝜃⁄                                                                                                   (4) 

𝑟 − 𝑔𝑤 = 𝑏   𝑎𝑛𝑑   𝑢𝐸 > 0                                                                                   (5)  
in an equilibrium with education, or 
 

𝑟 − 𝑔𝑤 > 𝑏𝜀   𝑎𝑛𝑑   𝑢𝐸 = 0                                                                             (6)  
 
2.2. Production and innovation 
There is one final good, which is produced by a Cobb-Douglas technology. The inputs are 
physical capital K, human capital H and a continuum of intermediate goods indicated by 𝑖 ∈
[0, 𝑛]. Production requires the consumption at each time of a quantity of each intermediate 
input such that the increase of their number raises overall productivity. This property is 
expressed by an index of differentiated inputs, 
 

𝐷𝑡 = (∫ 𝑥𝑖
𝛾𝑛

0
𝜕𝑖)

1

𝛾                                                                                               (7) 

 
which enters as a factor in the production function 

𝑌𝑡 = 𝐾𝑡
𝛽

𝐷𝑡
𝛼(𝑢𝑝𝐻𝑡)1−𝛼−𝛽                                                                                    (8) 

 
Physical capital is used only in the production of the final good. To simplify the analysis, we 

assume a total depreciation of capital, 𝐾̇ = 𝑌 − 𝐶 − ∫ 𝑥𝑖
𝑛

0
.  

The market for final goods is composed of infinite numbers of firms acting in perfect 
competition and the final good price is normalized to unity. Profit maximization gives the 
factor demands 
 

𝑟 = 𝛽
𝑌

𝐾
                                                                                                             (9) 

𝑤 = (1 − 𝛼 − 𝛽)
𝑌

𝑢𝑝𝐻
                                                                                       (10) 

𝑝𝑖 = 𝛼𝑥𝑖
𝛾−1 𝑌

𝐷𝛾                                                                                                 (11) 

 
where 𝑝𝑖 is the price of intermediate good i. 
The designs of complementary intermediate goods are produced in the R&D sector. n is 
used interchangeably for the number of intermediate goods and the stock of knowledge. 
Invention of new intermediates is assumed to develop according to 
 

𝑛̇ = 𝛿(𝑢𝐼𝐻)(𝑢𝐼𝐻)̅̅ ̅̅ ̅̅ ̅̅ 𝜆−1𝑛𝜙(𝑛)̅̅ ̅̅ 𝜎                                                                           (12) 
 

where    𝛿 > 0, 0 ≤ 𝜙 < 1 , 0 < 𝜆 < 1 and 0 ≤ 𝜎 < 1,  (𝑢𝐼𝐻)̅̅ ̅̅ ̅̅ ̅̅  defines as the average human 
capital devoted to innovation. The third term in Eq. (12) incorporates a duplication externality 
of research effort that reflects the idea that inexperienced researchers are working similar 
problems. 
The fourth term in Eq. (12) indicates that the invention of new intermediates depends on the 
number of intermediate goods that are available on the world frontier. The parameter 𝜎 is 
assumed less than unity to capture the fact that the growth rate of path of technology at the 
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world frontier leads to a decrease in the marginal benefits for domestic imitation. We assume 
that the growth rate of 𝑛̅ is exogenous and is given by 

𝑔𝑛̇̅ = 𝑛̇̅ 𝑛⁄ = 𝜁,    𝜁 ≻ 0                                                                                     (13)  

 
There is monopolistic competition in the R&D sector and one unit of Y produces one unit of 
intermediate goods 𝑥𝑖. Each firm, in this sector, owns an infinite patent for selling its variety 
𝑥𝑖 

and maximizes operating profits 𝛱𝑖 = (𝑝𝑖 − 1)𝑥𝑖. Facing the price elasticity of demand for 

intermediates 1 1 − 𝛾⁄ , firms charge a constant markup price 𝑝𝑖 = 1 𝛾⁄ .   
Since both technology and demand are the same for all intermediate goods, the quantity 
supplied is the same for all goods,   𝑥𝑖 = 𝑥  ,  𝑝𝑖 = 𝑝 = 1 𝛾⁄ . Hence, the market-clearing 
quantity is 𝑥𝑛 = 𝛼𝛾𝑌 and firms’ profits are 
 

𝛱 =
(1−𝛾)𝛼

𝑛
𝑌                                                                                                   (14)  

 

and 𝐷 = 𝑥𝑛1 𝛾⁄ = 𝑛1−𝛾 𝛾⁄ 𝛼𝛾𝑌. Substituting this expression into the production function (8), 
yields 
 

𝑌1−𝛼 = (𝛼𝛾)𝛼𝐾𝛽𝑛𝛼(1−𝛾) 𝛾⁄ (𝑢𝑝𝐻)
1−𝛼−𝛽

                                                            (15) 

 
Let denote 𝜐 the present value of the stream monopoly profits from innovation, where 

  𝑣 = ∫ 𝑒−[𝑅(𝜏)−𝑅(𝑡)]∞

𝑡
𝛱(𝜏)𝜕𝜏, with 𝑅𝑡 = ∫ 𝑟(𝜏)𝜕𝜏

𝑡

0
. Log-differentiating this expression gives the 

no arbitrage condition 
 

𝑔𝜐 =
𝜐
.

𝜐
= 𝑟 −

𝛱

𝜐
                                                                                              (16)  

 
Eq. (16) implies that the rate of return is equal to the dividend rate 𝛱 𝜐 ⁄ plus the capital 

gain𝜐̇ 𝜐⁄ . Finally, free entry into the R&D sector requires 
 

𝑤 = 𝛿(𝑢𝐼𝐻̅̅ ̅̅ ̅)𝜆−1𝑛𝜙𝑛̅𝜎𝜐    and    𝑢𝐼 > 0                                                              (17)  
 

in an equilibrium with innovation, 
 

𝑤 > 𝛿(𝑢𝐼𝐻̅̅ ̅̅ ̅)𝜆−1𝑛𝜙𝑛̅𝜎𝜐    and    𝑢𝐼 = 0                                                             (18)  
 

Before we proceed with the analysis, we shall take into account that  𝑢𝐼𝐻̅̅ ̅̅ ̅ = 𝑢𝐼𝐻. Let us 

denote  𝜒 = 𝐶 𝐾⁄  the consumption to physical capital ratio and 𝜓 = 𝐻𝜆𝑛𝜙𝑛̅𝜎 𝑛⁄  the 
knowledge-ideas ratio. Claims to innovative firms and physical capital are the assets in the 
economy. Aggregate wealth is then 𝐴 = 𝐾 + 𝑛𝜐. Using Eqs. (3), (9), (14) and (16), we get 

the economy’s resource constraint 𝐾̇ = (1 − 𝛼𝛾)𝑌 − 𝐶, which can be expressed as 

𝑔𝐾 =
1−𝛼𝛾

𝛽
𝑟 − 𝜒                                                                                             (19)  

 
From Eq. (4) and using Eq. (17), we get 

𝑔𝑐 = (
1

𝜃
−

1−𝛼𝛾

𝛽
) 𝑟 + 𝜒 −

𝜌

𝜃
                                                                              (20)  

 
Some equations are needed to solve the model. Log-differentiating Eqs. (8), (9) and (15), 
yields  
 

𝑔𝑟 = 𝑔𝑌 − 𝑔𝐾                                                                                                 (21)  
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𝑔𝑤 = 𝑔𝑌 − (𝑔𝑢𝑌
− 𝑔𝐻)                                                                                   (22)  

(1 − 𝛼)𝑔𝑌 = 𝛽𝑔𝐾 +
(1−𝛾)𝛼

𝛾
𝑔𝑛 + (1 − 𝛼 − 𝛽)(𝑔𝑢𝑃

− 𝑔𝐻)                                  (23)  

 
Eliminating 𝑔𝑌 and simplifying, we get  

𝑔𝑟 = −
1−𝛼−𝛽

𝛽
𝑔𝑤 −

𝛼

𝛽

1−𝛾

𝛾
𝑔𝑛                                                                            (24)  

𝑔𝑢𝑃
= −

1−𝛼

𝛽
𝑔𝑤 +

𝛼

𝛽

1−𝛾

𝛾
𝑔𝑛 + 𝑔𝐾 − 𝑔𝐻                                                             (25)  

 
Finally Log-differentiating Eq. (12), yields 

𝑔𝑔𝑛
= 𝜎𝜁 + 𝜆(𝑔𝑢𝐼

+ 𝑔𝐻) − (1 − 𝜙)𝑔𝑛                                                          (26)  

 
This formulation finds a positive relationship between the evolution of invention patent, R&D 
and technology adaption. 
 
 
3. Equilibrium dynamics of the economy  
In this section, we first analyze the intermediate development phases of a developing 
economy. Then, we consider the dynamics of the fully industrial economy with physical 
capital accumulation, knowledge formation and innovation. 
 
3.1. Neoclassical growth model  
The economy starts without knowledge formation and innovation (𝑢𝐸 = 𝑢𝐼 = 0). Physical 
capital is then accumulated as the only growth generating mechanism. The dynamics of the 
initial neoclassical growth phase, in terms of  𝑟  and 𝜒  variables, is given by the two-
dimensional differential equation system 
 

𝑔𝑟 = −
(1−𝛼−𝛽)(1−𝛾𝛼)

𝛽(1−𝛼)
𝑟 +

1−𝛼−𝛽

1−𝛼
𝜒                                                                               (27)  

𝑔𝜒 = (
1

𝜃
−

1−𝛼𝛾

𝛽
)𝑟 + 𝜒 −

𝜌

𝜃
                                                                                          (28)  

 
Eq. (27) results from Eqs. (24) and (25), using Eq. (19) and taking into account that 𝑔𝑢𝑃

=

𝑔𝑛 = 𝑔𝐻 = 0 
Using Eqs. (27), (21) and (22), we find that, due to diminishing marginal returns to physical 
capital accumulation, the interest rate decreases while the efficient wage increases. 
 
3.2. The knowledge economy 
If 𝑏𝜀 > 𝑟̅ = 𝜌, the economy reaches a point at which agents begin to invest in knowledge 
formation. Education time increases and, ultimately, the economy enters the second phase 
of development, without innovation (𝑢𝐸 = 1 − 𝑢𝑌, 𝑢𝐼 = 0). 

The dynamics of the knowledge economy, in terms of 𝑟, 𝜒 and 𝑢𝑃, is described by the three-
dimensional differential equation system 
 

𝑔𝑟 = −
1−𝛼−𝛽

𝛽
(𝑟 − 𝑏𝜀)                                                                                   (29) 

𝑔𝜒 = (
1

𝜃
−

1−𝛼𝛾

𝛽
)𝑟 + 𝜒 −

𝜌

𝜃
                                                                               (30) 

𝑔𝑢𝑃
=

(1−𝛾)𝛼

𝛽
𝑟 − 𝜒 − 𝜀(1 − 𝑢𝑃) +

(1−𝛾)𝑏𝜀

𝛽
                                                        (31) 

 
which is obtained from Eqs. (24) and (25), using Eq (5) to substitute 𝑔𝑤, Eqs. (19) and (2) to 

substitute respectively 𝑔𝐾 and 𝑔𝐻 and taking into account that 𝑔𝑛 = 0. 
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From Eq. (29), we note that, since (𝜕𝑔𝑟 𝜕𝑟⁄ < 0), the interest rate converges to 𝑏𝜀 > 0 
independently of the remaining dynamics of the system, while using Eq. (5); we note that 
the growth rate of the wage converges to zero. 
 
3.3. Growth model with innovation  
If 𝜌 ≥ 𝑏𝜀, the household does not train. In this case, the dynamic of the economy is entirely 
determined by innovation activities. If at the initial sate, the economy is sufficiently endowed 
with human capital, innovation is undertaken, but with decreasing returns on R&D 
investment. Consequently, innovation activities are unprofitable. 
The system that drives the dynamics of the economy, in terms of variables 𝑟, 𝜒, 𝑢𝑃 and 𝜓 
can be obtained as: 

𝑔𝑟 = −
1−𝛼−𝛽

𝛽
𝑟 −

(1−𝛼−𝛽)(𝜆−1)𝑢𝑃

𝛽(1−𝑢𝑃)
𝑔𝑢𝑃

+ 〈
𝑢𝑃

1−𝑢𝑃
+

1

𝛾
−

(1−𝛼−𝛽)𝜙

(1−𝛾)𝛼
〉

× 𝛿(1𝜓 −
(1−𝛼−𝛽)𝜎𝜁

𝛽

                        (32) 

𝑔𝜒 = (
1

𝜃
−

1−𝛼𝛾

𝛽
)𝑟 + 𝜒 −

𝜌

𝜃
                                                                            (33) 

𝑔𝑢𝑃
=

𝛼(1−𝛾)(1−𝑢𝑃)

𝛽(1−𝑢𝑃)+(1−𝛼)(1−𝜆)𝑢𝑃
〈𝑟 + (

(1−𝛼)𝑢𝑃

(1−𝛼−𝛽)(1−𝑢𝑃)
−

(1−𝛼)𝜙

(1−𝛾)𝛼
+

1

𝛾
) 𝛿(1𝜓

−
𝛽

(1−𝛾)𝛼
𝜒 −

(1−𝛼)𝜎𝜁

(1−𝛾)𝛼
〉

                (34) 

𝑔𝜓 = 𝜎𝜁 − 𝛿(1 − 𝜙)(1 − 𝑢𝑃)𝜆𝜓                                                                  (35) 

The previous system is obtained as follows. First, log-differentiating the free-entry condition 
(17) yields 𝑔𝑤 = (𝜆 − 1)(𝑔𝑢𝐼

+ 𝑔𝐻) + 𝜙𝑔𝑛 + 𝜎𝜁. Then, substituting 𝑔𝜐 from Eq. (16), 𝛱 from 

Eq. (14), 𝑤from Eq. (10) and 𝜐 from Eq. (17), we get  
 

𝑔𝑤 = 𝑟 + (𝜆 − 1)(𝑔𝑢𝐼
+ 𝑔𝐻) −

(1−𝛾)𝛼𝑢𝑃

(1−𝛼−𝛽)𝑢𝐼
𝑔𝑛 + 𝜙𝑔𝑛 + 𝜎𝜁                               (36)  

 
From Eqs. (24) and (25), substituting 𝑔𝑤 from Eq. (36), 𝑔𝐾 

from Eq. (19) and 𝑔𝑛 
from Eq. 

(17) and taking into account that  𝑔𝐻 = 0 ,  𝑢𝐼 = 1 − 𝑢𝑃  , 𝑔𝑢𝐼
= − 𝑔𝑢𝑃

𝑢𝑃 1 − 𝑢𝑃⁄  and  𝑔𝑛 =

𝛿(1 + 𝑢𝑝)𝜆𝜓
 
we get Eqs. (32) and (34). Log-differentiating the knowledge-ideas ratio we get 

Eq (35). 
 
3.4. The advanced industrialized economy 
If 𝜆 < 1, the dynamics of the advanced industrialized economy, in terms of the variables r, 𝜒,
𝜓, 𝑢𝑃 and 𝑔𝑛,  is described by the following system 
 

𝑔𝑟 = −
1−𝛼−𝛽

𝛽
(𝑟 − 𝑏𝜀) +

𝛼(1−𝛾)

𝛽𝛾
𝑔𝑛                                                                          (37) 

𝑔𝜒 = (
1

𝜃
−

1−𝛼𝛾

𝛽
)𝑟 + 𝜒 −

𝜌

𝜃
                                                                                       (38) 

𝑔𝑢𝑃
=

𝛼(1−𝛾)

𝛽
𝑟 − 𝜒 − 𝑏(1 − 𝑢𝑃 − (

𝑔𝑛

𝛿𝜓
)1 𝜆⁄ ) +

𝛼(1−𝛾)

𝛽𝛾
𝑔𝑛 +

(1−𝛼)𝑏𝜀

𝛽
                               (39) 

𝑔𝜓 = 𝜎𝜁 + 𝜆𝑏(1 − 𝑢𝑃 − (
𝑔𝑛

𝛿𝜓
)1 𝜆⁄ ) − (1 − 𝜙)𝑔𝑛                                                        (40) 

𝑔𝑔𝑛
=

𝜆

1−𝜆
(𝜆𝜎𝜁 + 𝑏𝜀) −

𝛼𝜆(1−𝛾)(𝛿𝜓)1 𝜆⁄ 𝑢𝑃

(1−𝜆)(1−𝛼−𝛽)
𝑔𝑛

1−1 𝜆⁄
− 𝑔𝑛 +

𝜙

1−𝜆
𝑔𝑛                                 (41) 

 

To obtain this system, we have used that 𝑢𝐸 = 1 − 𝑢𝑃 − 𝑢𝐼 and 𝑢𝐼 = (𝑔𝑛 (𝛿𝜓)⁄ )1 𝜆⁄ . Eq. (37) 
results from Eqs. (24) and (5). From Eqs. (25) and (5), using Eqs. (19) and (2), we get    Eq. 
(39). From 𝑔𝜓 = 𝜎𝜁 + 𝜆𝑔𝐻 − (1 − 𝜙)𝑔𝑛, using Eq. (2), we obtain Eq. (40). Finally, Eq. (41) 

results from Eqs. (26), (36) and (5), using Eq. (2). 
If 𝜆 = 1, from Eqs. (36) and (5), using Eq. (17), we get 
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𝑢𝑃 =
(1−𝛼−𝛽)

(1−𝛾)𝛼(𝛿𝜓)1 𝜆⁄ (𝜎𝜁 + 𝑏𝜀 + 𝜙𝑔𝑛)                                                                   (42) 

 
From 𝑔𝑢𝑃

= 𝑔𝑛 − 𝑔𝐻, using Eqs. (25), (19) and (5), we obtain 

 

𝑔𝑛 =
𝛾(𝛼(1−𝛾)𝑟+(1−𝛼)𝑏𝜀−𝛽𝜒)

𝛽𝛾−𝛼(1−𝛾)
                                                                                 (43) 

 
Thus, if 𝜆 = 1, the dynamics of the economy is described by the following system 
 

𝑔𝑟 =
1−𝛼−𝛽

𝛽
(𝑟 − 𝑏𝜀) +

𝛼(1−𝛾)

𝛽𝛾
𝑔𝑛                                                                     (44) 

𝑔𝜒 = (
1

𝜃
−

1−𝛼𝛾

𝛽
)𝑟 + 𝜒 −

𝜌

𝜃
                                                                               (45) 

 
with 𝑢𝑃 and 𝑔𝑛 

must be substituted respectively by Eqs. (42) and (43). 

 
 
4. Balanced growth equilibrium  
This section establishes the existence and the properties of the balanced growth path. The 
following two propositions provide our main results, which characterize the balanced growth 
equilibrium.  
Proposition 1.  Let 𝑏𝜀 > 𝜌. The economy converges to a unique positive, steady state with 
positive long-run growth, in which the interest rate is  

𝑟∗ =
(1+𝑀)𝜃𝑏𝜀−𝜌+𝛧

(1+𝑀)𝜃−1
                                                                                         (46) 

 
the ratio of consumption to physical capital is 
 

𝜒∗ = (
1−𝛼𝛾

𝛽
−

1

𝜃
)𝑟 +

𝜌

𝜃
                                                                                     (47) 

 
the long-run growth of intermediates is 
 

𝑔𝑛
∗ =

𝑀𝜆

(1−𝜙)[(1+𝑀)𝜃−1]
(𝑏𝜀 − 𝜌 + 𝛧)                                                                 (48) 

 
the knowledge-ideas ratio  
 

𝜓∗ =
𝑔𝑛

∗

𝛿𝑢𝐼
𝜆                                                                                                       (49) 

the share of labor devoted to production and innovation can be obtained from 
 

𝑢𝑃
∗ = 1 − 𝑢𝐼

∗ −
𝑔𝐻

∗

𝑏
                                                                                           (50) 

𝑢𝐼
∗ =

(1−𝛾)𝛼𝑔𝑛
∗

(1−𝛾)𝛼𝑔𝑛
∗ +(1−𝛼−𝛽)[(𝜆−1)𝑔𝐻

∗ +𝜙𝑔𝑛
∗ +𝜎𝜁+𝑏𝜀]

(1 −
𝑔𝐻

∗

𝑏
)                                          (51) 

 
the long-run growth of human capital is 

𝑔𝐻
∗ =

(1−𝜙)𝑔𝑛
∗ −𝜎𝜁

𝜆
                                                                                             (52) 

 
and the long-run growth of income, consumption and physical capital is 

𝑔𝑌
∗ = 𝑔𝐶

∗ = 𝑔𝐾
∗ =

𝜎𝜁

𝑀𝜆
+ (

1

𝑀
+ 1)𝑔𝐻

∗                                                                 (53) 
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with 𝑀 = 𝛾(1 − 𝜙)(1 − 𝛼 − 𝛽) 𝛼⁄ 𝜆(1 − 𝛾)and 𝛧 = 𝜎𝜁𝜃 𝜆⁄   
 
Proposition 2. The system reaches the balanced growth path if and only if the sufficient 
condition is met 
 

𝜃 >
1+𝑀(1+

𝜌

𝑏𝜀
)+𝛷

(1+𝑀)+𝛷
                                                                                            (54) 

 

with 𝛷 =
𝜎𝜁

𝜆𝑏𝜀
 

 
For the interior steady state to be feasible, we must have𝑢𝑃

∗ > 0, 𝑢𝐼
∗ > 0, 0 < 𝑢𝑃

∗ + 𝑢𝐼
∗ < 1,   

𝑟∗ > 0, 𝜒∗ > 0 and 𝜓∗ > 0. Eqs. (48) and (52) show that condition 0 < 𝑢𝑃
∗ + 𝑢𝐼

∗ = 𝑏 − 𝑔𝐻
∗ 𝑏⁄ <

1 is satisfied if and only if Eq. (54) holds. Since, from Eq. (54) and assuming 𝑏𝜀 > 𝜌 we 

have 𝜃 > 1 1 + 𝑀⁄ , Eqs. (48) and (46) entail that  𝑟 ∗> 0 and  𝑔𝑛
∗ > 0. Furthermore, 𝑢𝑃

∗ >
0and 𝑢𝐼

∗ > 0
 
because 𝜀 − 𝑔𝐻

∗ > 0. Thus, Eq. (49) implies that 𝜓∗ > 0. Finally, the ratio of 

consumption to capital can be expressed as 𝜒∗ =
(1−𝛼𝛾)𝑟

𝛽

∗
− 𝑔𝑘

∗ >
(1−𝛼𝛾−𝛽)𝑟

𝛽

∗
> 0  if the 

transversality condition is satisfied. Hence, the steady state is feasible. 
 
From Eq. (53), we note that the long-run growth rates of income and consumption depend 
positively on the quality of education b. A higher b induces agents to spend more time in 
school generating an increase in the level of human capital. Therefore, the increasing pace 
of human capital formation implies an industrial demand for intermediate goods that 
stimulated R&D activities. The economy, moreover, grows fast. 
From Eq. (51), we find that an increase in innovation productivity 𝛿 has a positive effect on 
the steady state shares of time devoted to studying and innovation. Thus, the acceleration 
of technological progress increases the industrial demand for human capital, which in turn 
stimulate human capital formation and thus further technological progress. Moreover, 
innovation share expands hand in hand with educational share. 
The effect of externality associated to R&D on the long-run growth of the subsidy to R&D is 
illustrated in Eqs. (48) And (52). An increase in research externalities (an increase of 𝜙) 
generates an increase in the long-run subsidy rate to R&D, while an increase in duplication 
externalities (an increase of 𝜆 ) acts in the opposite way. 

We suppose that (1 − 𝛼 − 𝛽) ≻ 0, following Gomez (2011b). From Eq. (53), we find that the 
imitation parameter 𝜎 and the R&D spillovers 𝜙 act positively on the long-run growth rates 

of income and consumption.  A higher 𝜎 promotes technology adaption and facilitates the 
specialization in high quality by promoting the “learning by doing”. As the adoption of superior 
technologies and absorption supplemented by incremental innovation, increase, as the 
economy grows fast. Nevertheless, the implementation of the advanced technology requires 
a sufficiently large intermediate good market and a sufficient skill level. Thus, a higher 𝜙 
stimulates the growth of developing economies and speeds up convergence. As the 
technological progress increases, the growth rate of ideas increases generating an industrial 
demand for human capital that stimulated knowledge formation. Therefore, the economy 
evolves steadily. 
 
5. Conclusion  
In this paper, we have understudied the interaction between physical capital accumulation, 
knowledge formation, innovation and economic growth. The main novelty with respect to 
previous literature is that the invention of new intermediates depends on the number of 
intermediate goods available at the world frontier and that innovation is subject to 
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externalities in R&D associated with the duplication of research effort. First, we find that 
innovation and education share increase jointly along the dynamic transition. The economy 
starts without knowledge and innovation. Until the second phase of development, the 
education time increases steadily generating an industrial demand for intermediate goods. 
Therefore, the size of the intermediate good market and thereby the innovation time rise, 
first at a slow pace and sharply then, generating an increase in the expected returns on R&D 
investment. The economy enters the fully industrialized phase. The acceleration 
requirements of the industrialization process increase the demand for skilled labor, which in 
turn increased formal education, and thus technological progress. From that moment, the 
implementation of the superior technology contributed to economic growth. Then, we provide 
a sufficient condition to rule out the convergence of the economy to a unique steady state 
with positive long-run growth.  
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