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Abstract: This paper generalizes the multi-country growth model with capital accumulation,
human capital accumulation, economic structure and international trade by Zhang (2014) by
making all the time-independent parameters in Zhang’s model as time-dependent parameters.
Each national economy consists of one tradable, one non-tradable and one education sector.
National economies are different in propensities to save, to obtain education and to consume,
and in learning abilities. The model integrates the Solow growth model, the Uzawa two-sector
growth model, the Uzawa-Lucas two-sector growth model, and the Oniki-Uzawa trade model
within a comprehensive framework. Human capital accumulation is through education in the
Uzawa-Lucas model, Arrow’s learning by producing, and Zhang’s learning by consuming
(creative learning). The behavior of the household is described with an alternative approach to
household behavior. We simulated the model to demonstrate existence of equilibrium points,
motion of the dynamic system, and oscillations due to different exogenous shocks.
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1. Introduction

This paper is concerned with identifying economic fluctuation in a synthesized
Solow-Uzawa’s growth, Oniki-Uzawa trade, and Lucas-Uzawa’s two-sector model with
exogenous shocks. The model is based on Zhang’s model (Zhang, 2014). The main
generalization of this study is to treat all the time-independent parameters in Zhang’s model
as time-dependent. This will make Zhang’s original model far more robust as there are
many factors, such as technological change, institutional shifts, fashions, seasonal factors,
are time-dependent and are considered exogenous. Economics oscillations, often referred
as business cycles, are commonly observed in empirical studies. Some researches consider
economic oscillations as exogenous. A typical example is agricultural production which is
influenced by seasonal changes as well as long-term global climates. Oscillations may also
occur in a self-organized economic system without any exogenous influences. There are a lot
of theoretical and empirical research about mechanisms and phenomena of economic
fluctuations (e.g., Zhang, 1991, 2005, 2006; Lorenz, 1993; Flaschel et al 1997; Chiarella and
Flaschel, 2000; Shone, 2002; Gandolfo, 2005; Puu, 2011; Nolte, 2015). These studies show
how modern dynamic analysis can be applied to different economic systems, identifying
existence of cycles, regular as well as irregular oscillations, and chaos in economic systems.
There are also other studies which try to explain economic business cycles from different
perspectives. Lucas (1977) demonstrates possible existence of some shocks that affect all
sectors in an economy. Chatterjee and Ravikumar (1992) build a neoclassical growth model
with seasonal perturbations to taste and technology. They demonstrate how the economic
system reacts to seasonal demand and supply perturbations. Gabaix (2011) holds that
uncorrelated sectoral shocks are determinants of aggregate fluctuations (see also, Giovanni,
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et al. 2014; Stella, 2015). This study attempts to make a contribution to the literature by
identifying economic fluctuations in a trade model with endogenous physical and human
capital.

This paper is based on a model recently proposed by Zhang (2014). Zhang’s model deals with
dynamic interdependence between wealth and physical capital accumulation, human capital
accumulation, and trade patterns in a multi-country neoclassical growth theory framework.
The basic economic mechanism of wealth accumulation based on the Solow growth model
with an alternative approach. International trade follows the trade models with accumulating
capital developed by Oniki and Uzawa and others (for instance, Oniki and Uzawa, 1965;
Frenkel and Razin, 1987; Sorger, 2002; and Nishimura and Shimomura, 2002). The
analytical framework of the Oniki-Uzawa model is important for analyzing interdependence
between trade patterns and economic growth. The Oniki-Uzawa model should be extended
as it is constructed for the two-country with two goods. In fact, most of trade models with
endogenous capital are still either limited to two-country or small open economies without
taking account of endogenous human capital. Rather than classifying capital goods and
consumer goods as in the Oniki-Uzawa model, we use tradable good and non-tradable.
Distinction between tradable good and non-tradable good is significant for explaining many
economic issues. There are analytical frameworks with tradable and non-tradable goods for
explaining the terms of trade (Mendoza, 1995), for examining exchange rates (Stulz, 1987,
Stockman and Dellas, 1989; Backus and Smith, 1993; Rogoff, 2002; Raleva, 2013); for
dealing with current account dynamics (Edwards, 1989; Hohberger, et al. 2014), for examining
investment structure (Cachanosky, 2014); or for solving the home premium puzzle (Baxter et
al., 1998; Pesenti and van Wincoop, 2002). Backus and Smith (1993:1) explains this
distinction as follows: “The mechanism is fairly simple. Although the law of one price holds,
in the sense that each good sells for a single price in all countries, PPP may not: price
indexes combine prices of both traded and nontraded goods, and because the latter are
sold in only one country their prices, and hence price indexes, may differ across countries.”
Stockman and Tesar (1995) observe that the tradable sector is generally more volatile. Zhao
et al. (2014) explains the difference between the tradable and non-tradable sectors by
introducing labor adjustments in response to impulses. According to Zhao et al. (2014: 230)
“Tradable sector variables like capital, investment, consumption and output are more volatile
than their nontradable counterparts. This is especially true for output, where the tradable
sector is more than two times as volatile. The nontradable sector accounts for almost half of
both GDP and total consumption. Understanding the sources of volatility by sector may help in
understanding the sources of aggregate fluctuations, the effects of shocks on the aggregate
economy, and the likely impact of alternative public policies.”

The study treats differences in human capital between countries as endogenous variables.
Dynamic interdependence between economic growth and human capital is important for
explaining national differences in growth and income (e.g., Easterlin, 1981; Hanushek and
Kimko, 2000; Barro, 2001; Krueger and Lindahl, 2001; Galor and Zeira, 1993;
Castell6-Climent and Hidalgo-Cabrillana, 2012; Barro and Lee, 2013; and Hanushek et al.
2014). This study considers three sources of learning — education in the Uzawa-Lucas model,
Arrow’s learning by doing, and Zhang’s learning by consuming (which include leisure, family
conditions, travels and readings at leisure, and so on). The first formal dynamic growth model
with education was proposed by Uzawa (1965). There is an extensive literature on education
and economic growth (Mincer, 1974, Tilak, 1989; Could et al., 2001; Tselios, 2008; Fleisher
et al. 2011; Zhu, 2011). There is also a large number of the theoretical literature on
endogenous knowledge and economic growth (Romer, 1986; Lucas, 1988; Grossman and
Helpman, 1991; and Aghion and Howitt, 1998). There are other studies within similar
frameworks for addressing different issues related to growth and human capital (e.g., Maoz
and Moav, 1999; Galor and Moav, 2004; Fender and Wang, 2003; Erosa et al. 2010). A main
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deviation of our approach from the previous models is that we derive demand of education in
an alternative approach to the typical Ramsey approach. It is obviously not only school
quality but also family and social environment as well as consumption that should be used
to explain the differences in human capital between developed and developing economies.
In order to more properly modelling human capital accumulation, this study takes account of
Arrow’s learning by doing (Arrow, 1962) and Zhang's creative leisure (Zhang, 2013, 2014) in
modeling human capital accumulation. This paper is built on Zhang’s model (Zhang, 2014).
The main generalization of this study is to treat all the time-independent parameters in
Zhang’s model as time-dependent parameters. The rest of the paper is organized as follows.
Section 2 defines the basic model. Section 3 shows how we solve the dynamics and simulates
the motion of the global economy. Section 4 carries out comparative dynamic analysis to
examine the impact of changes in some parameters on the motion of the global economy.
Section 5 concludes the study. The appendix proves the main results in Section 3.

2. The Model

The model is a generalization of the trade model proposed by Zhang (2014). The model in this
study is developed within the framework of the neoclassical growth theory with international
trade. Most neoclassical growth models are based on the pioneering works of Solow (1956).
There are many extensions and generalizations of the Solow model (e.g., Burmeister and
Dobell, 1970; Azariadis, 1993; Barro and Sala-i-Martin, 1995). This study considers a world
economy which consists of multiple countries, indexed by j=1,...,J. Country j has
population, N;(t), j = 1, ...,J. Each country has three sectors: one tradable good sector, one
non-tradable goods sector and one education sector. We use an alternative approach to
consumer behavior proposed by Zhang (1993). All the national economies can produce a
homogenous tradable commodity (lkeda and Ono, 1992). The commodity is like the
commodity in the Solow model which can be consumed and invested. Households own
assets of the economy and distribute their incomes to consume, to receive education, and to
save. Production sectors or firms use capital and labor. Exchanges take place in perfectly
competitive markets. Production sectors sell their product to households or to other sectors
and households sell their labor and assets to production sectors. Factor markets work well;
factors are inelastically supplied and the available factors are fully utilized at every moment.
Saving is undertaken only by households, which implies that all earnings of firms are
distributed in the form of payments to factors of production. We omit the possibility of hoarding
of output in the form of non-productive inventories held by households. Let price be measured
in terms of the tradable good and the price of the good be unit. We denote wage and interest
rates by w;(t) and r;(t) respectively, in the jth country. Capital depreciates at an exponential
rate 8;,(t) in country j. Let p;(t) and p;s(t) denote the price of education and the price of
non-tradable good in country j. We use subscript index, i, s and e to stand for tradable good
sector, non-tradable good sector, and education sector, respectively, in country j. We use
N;,,, (t) and K, (t) to stand for the labor force and capital stocks employed by sector m in
country j. Let F;,,, (t) stand for the output level of sector m in country j.

The labor supply
The aggregated labor force N;(t) of country j is given by

N, = H O OT,08,0), (1)
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where H;(t) and T;(t) are respectively the level of human capital and work time in country
j- Here, m;(t) is a positive parameter measuring how household j effectively applies human
capital at time in country j.

Marking clearing conditions
We denote wage rate per unit qualified work time in country j and interest rates by w;(t) and
7;(t). In the free trade system, the interest rate is identical throughout the world economy, i.e.,

r(t) =1;(0).

We use K (t) to stand for the capital stocks of the world economy. The total capital stock
employed by country j, K;(t) is allocated between the tradable, non-tradable and education
sectors. We use I?j(t) to stand for the wealth owned by country j. We use N;,(t) and K, (t) to
respectively stand for labor force and capital stocks employed by sector g. As full employment
of labor and capital is assumed, we have:

Kji () + K5 (8) + Kje (t) = K;(£), Nji (£) + Njs(£) + Npe (£) = N;(0).

We rewrite the above relations as follows:
1 (O ki (£) + s (Okjs (8) + nje (Okje (6) = kj(£), ny; (€) + nys(8) + nye(6) = 1,(2)

in which

Kiq ()
Njg(®)

N, (6) _K@®
N Jki(t) = N©

kjq (t) = M (t) = ,q =1,s,e.

/;(t)

Production functions
We assume that production of sector (j,q) is to combine qualified labor force N;,(t) and
physical capital K;, (t). The production function F;, (t) is described by:

Fio(®) = A1) K70 N0, 650 (0, Bjq (©) > 0,10 (8) + B (1) = 1,) = i,5,(3)

where A;,(t), a;q(t) and ;4 (t) are positive parameters.

Marginal conditions

Let all the prices be measured in terms of the good. We use pj,(t) to represent the price of
services in country j. Markets are competitive; thus labor and capital earn their marginal
products, and firms earn zero profits. The rate of interest, wage rate, and prices are
determined by markets. Hence, for any individual firm r(t), w;(¢) and p;(t) are given at each
point of time. The production sector chooses the two variables Kj;(t) and Nj;(t) to maximize
its profit. The marginal conditions are:

r() + 8 (8) = au(0) 4,0 k.0 (0, w,(0) = B A O (1), (@)

r() + 8() = () Ay (0) pys () Ky

(st(t)

(@, w; () = Bjs (D) A;5(8) pjs (&) ki ™ (), (5)
where §;,(t) is depreciation rate of physical capital.
Education sector

We assume that the education sector is characterized of perfect competition. Students are
supposed to pay the education fee p;(t) per unit of time in country. The education sector pays
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teachers and capital with the market rates. The cost of the education sector is given by
w; (t)Nj (t) + (r(t) + 6jk(t)) K;.(t). The production function of the education sector is
assumed to be a function of K, (t) and N;.(t) as follows:

aje(t) @je(t)

Fje (t) = Aje (t) Kje (t) Nje (t): aje(t): Bje (t) > 0, aje(t) + ﬁje(t) = 1' (6)

where 4;.(t), aj.(t), and B;.(t) are positive parameters. The marginal conditions for the
education sector are:

~Bje(t)

P(0) + 8 (8) = @ (6) 410 (0) pye(©) ki (0, w; () = Bio (D41 () Py (O (©), (7)

Consumer behaviors and wealth dynamics

This study uses Zhang’s utility function to describe behavior of households (Zhang, 1993).
Consumers make decisions on distribution of time for work and education, consumption levels
of tradable and non-tradable commodities, and saving. Let E]- (t) stand for wealth of household

j. Per household's current income from the interest payment r(t) k ;(t) and the wage payment

" () T(6) w (¢) is given by:

m;(t)

i) =1 k;(©) + H () T;(6) w; (©).

We call y;(t) the current income. The total value of wealth that consumers can sell to
purchase goods and to save is equal to Ej(t). Here, we assume that selling and buying wealth

can be conducted instantaneously without any transaction cost. The per capita disposable
income is then given by:

9,0 = 30 + K0 = (1+70) k() + H7 @) T,0) wy(©). (8)

The disposable income is used for saving, consumption and education. Let T;,(t) stand for
the time spent on education. We assume that the total available time is distributed between
education and work. The consumer is faced with the following time constraint:

Ti() + Tje (t) = To, (9)

where T, is the total available time. The consumer is faced with the following budget
constraint:

¢; () + pjs(0) ¢js () + 5;(8) + p; (8) Tje (8) = P;(¢). (10)

Insert (9) in (10):
¢ () + pjs(8) ¢;s () + 5;() + 9;(8) Tje (6) = y;(2), (11)

Where
7,(©) = p,©) + w©), W) = BV ©) w(®),

7,0 =1 +7@®) k(O + T, w;(0). (12)

Consumers decide four variables, consumption levels of the two goods, level of saving, and
education time. We assume that consumers’ utility function is a function of the consumption
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level of tradable good c;(t) the consumption level of non-tradable good c;s(t) the education

time Tj (t) and the level of saving s;(t) as follows:

jo(®) Yjo(®) Ajo(®) njo(®)
Ui = ¢ 7@ ¢, () 57O Ty, 7 (©),7j0 (1), 808, A0 (), 0 (1) > 0,

where &,;(t) is called the propensity to consume tradable good, y;,(t) the propensity to
consume non-tradable good 7, (t), the propensity to own wealth, and 4;,(t) the propensity to
receive education. Maximizing U;(t) subject to the budget constraint yields:
ci(t) =& () ¥; (), pjs(t) cjs(8) = v; () ¥; (1), 5;(t) = A;(8) y; (L),
p;(®) Tie(©) = n;(®)y;(0), (13)

where
§i(0) =& (Op (D), vi() = v)o(®) pj(t), 4;() = 2jo(8) pj (), 1) = njo(t) p; (D),
1

pi(t) =

0 () +Yjo ) + Ao () + 1)

In this dynamic system, as any factor is related to all the other factors over time, it is difficult to
see how one factor affects any other variable over time in the dynamic system. Our approach
to education decision is oversimplified. There are many factors which may affect the
decision. For instance, Attanasio and Kaufmann (2014) study the role of expected returns
to schooling and of perceived risks (of unemployment and earnings) as determinants of
schooling decisions, using Mexican data. They find that expected returns and risk
perceptions are play an important role in schooling decisions. Dominitz and Manski (1996)
take account subjective expectations of earnings for different schooling degrees. There are
also other studies on relations between subjective expectations of earnings and schooling
choices in different contexts (Jensen, 2010; Arcidiacono et al. 2012; and Stinebrickner and
Stinebrickner, 2012). Although in theory we can take account of these factors by treating
the propensities as endogenous variables, for simplicity we consider the propensities fixed
in this study.

Wealth accumulation
According to the definitions of s;(t) the wealth accumulation of the representative household
in country j is given by:

N;(t)
N;(©)

ki(t) = s;(t) — k() — k;i(0).(14)

This equation simply states that the change in wealth is equal to the saving minus dissaving.

Human capital accumulation

According to the study by Hanushek and Woessmann (2008), the cognitive skills of the
population, rather than mere school attainment, are strongly related to economic growth,
individual earnings, and the distribution. There are many factors which may affect education
supply and its quality (e.g., Lazear 2001; Krueger and Whitmore 2001; Bosworth and
Caliendo 2007; Maasoumi, et al. 2005; Wossmann and West. 2006). A recent study by
Kaarsen (2014) on estimating differences in education quality finds: “there are large
differences in education quality across countries. One year of schooling in the U.S.
corresponds to 3 or even 4 years of schooling in many developing countries. Moreover,
these quality differences are able to account for a considerable share of the variation in
income across countries.” As human capital is not only affecting by schooling, it is
necessary to introduce other possible determinants, such as reading at leisure, available
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information and knowledge outside education institutions, family environment,
consumption such as travelling, gaming and parting, as well as social environment outside
school, which may paly important role in human capital accumulation. We take account of
three sources of improving human capital, through education, “learning by producing”, and
“learning by leisure”. Arrow (1962) first introduced learning by doing into growth theory; Uzawa
(1965) took account of trade-offs between investment in education and capital accumulation,
and Zhang (2007) introduced impact of consumption on human capital accumulation (via the
so-called creative leisure) into growth theory. We propose the following human capital
accumulation equation

aje(t) mj( ) o @it
@50 (1 OROBO)

H(t) B Tjelt n t
) ]e()(t)N (t) ]z( )(t)N (t)
‘U]h (t) Ca}h( )(t) ]S (t) ajs(t)( )
ﬂ,n(t) 75(0) — 0 (B)H; (t), (15)
B ® H (1)

where §;,(t) is the depreciation rate of human capital, v;.(t), vj;(t), vju(t), aj.(t), bj.(t),
a;;(t) and bj;(t) are non-negative time-dependent parameters. The signs of the parameters
. (t), m; (t), and 7, (t) are not specified as they may be either negative or positive. The
equation is a synthesis and generalization of Arrow’s, Uzawa’s, and Zhang’s ideas about
human capital accumulation. The term

ae® ¢y (™I . je(®
Ve (OF, (t)< ! (t)T,-e(t)N,-(t))

Tf]e(t)

ON;®)

is the contribution to human capital improvement through education. The term implies that
human capital rises in the level of education service Fj, and in the (qualified) total study time

Hjmf Tje N;. The term H].nje indicates implies that it may be more difficult (in the case
of ;. being large) or easier (in the case of ;. being small) to accumulate more human
capital. There are many factors which may affect education quality. For instance, there are
studies on relationship between class size and student achievement (Boozer and Rouse
2001; Dobbelsteen et al. 2002; Urquiola, 2006; Bosworth, 2014). The term vﬁ@fﬁ/Hj”ﬁ

implies learning by producing effects in human capital accumulation.

Market clearing in education markets
For the education sector, the demand and supply balances in each country:

Tye(t) Nj(t) = Fo(2). (16)

Market clearing in non-tradable good markets
The demand for non-tradable good equals the supply

¢js(t) Nj(t) = Fjs(). (17)
Market clearing in tradable good markets

The total capital stocks in international markets employed by the production sectors is equal to
the total wealth owned by all the countries:
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J

J
K© =) K0 =) KO F©.08)
1 j=1

j=

The world production is equal to the world consumption and world net savings:

J
OO+ =K© + ) 55(0) K;(© = K(©),(19)
=1

where
] J J

=) 6O F©,50 = ) 5@ KO, FO = ) Fu®.

j=1 j=1 j=1

International trade
The trade balances of the economies are given by:

E® = (KO - K®) r®). (20)

When E;(t) is positive (negative), we say that country j is in trade surplus (deficit). When
E;(t) is zero, country j trade is in balance.

We built the model with trade, economic growth, physical and human capital accumulation in
the world economy in which the domestic markets of each country are perfectly competitive,
international product and capital markets are freely mobile and labor is internationally
immobile. The model synthesizes main ideas in economic growth theory and trade theory in a
comprehensive framework. The model is general in the sense that some well-known models
in economics can be considered as its special cases.

3. The Dynamics and Equilibrium

We built a multi-country growth model with have the dynamic equations for the economy with
any number of economies. Before examining the dynamic properties of the system, we show
that the dynamics of | national economies can be expressed by 2] differential equations. The
following lemma is important as it shows how to follow the dynamics of global economic
growth with computer.

Lemma
The motion of 2/ variables, {k;(t)}, k;(¢), and (H]-(t)), where {k;(t)} = (kz(t),...,k](t)), is
given by the following J differential equations:

i) = 4y (ku(®), (), {ls () £),
ki (©) = & (ki (0, (H,©), (O} t),j = 2,....,
;) = 4; (k. (H;®) {5 ©), t) . = 2,....],(21)
where /T]- and 4; are functions of {kj(t)}, ki (), (Hj(t)) and t defined in the appendix. The

values of the other variables are given as functions of {kj(t)}, ki (0), (Hj(t)), and t at any
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point in time by the following procedure: kj; (t) by (A3) — k;s(t) by (A1) — kj(t) by (A4) —

r(t) and w;(t) by (4) —p;(t) by (A5) — ki () by (A14) — K;(t) by (A13) — w;(D), p;(t)

and y;(¢) by (12) — k;(t) by (A12) — T;(t) by (All) — T (t) by (13) — N;(©) =
m;(t)

H; 7 () T;() Nj(t) — () and nys () by (A7) — n(t) by (A6) — Njg(t) = nje(t) N; (©)

= Kjq(£) = kjq(6) Njq(6) — Fy(t) and Fys(t) by (3) — Fe(t) by (6) — ¢;(t) and 5;() by
(13) — E (1) = (K, (0) — K, ;(0).

For simulation, we specify values of the parameters. We consider the world consists of three
national economies, i.e., ] = 3. We first assume that all the parameters are time-independent.
Then we show that the system fluctuates around the paths with the time-independent
parameters when some parameter is subject to some time-dependent perturbations. The
population and human capital utilization efficiency of the three economies are specified as
follows

N, =5,N, = 10,N; = 20,T, = 1,m; = 0.9,m, = 0.85,m; = 0.75.(22)

Country 1,2and 3's populations are respectively 5,10 and 20. Country 3 has the largest
population. Country 1 uses human capital most effectively and Country 2 next. The
parameters in the production functions and physical capital depreciation rates of the three
economies are
Ay =134,,=12,4,, =11,a;; =0.32,a;, = 0.35,a;, = 0.45,4,; = 1.25,4,, = 1.1,
Aze = 1,05 = 0.32, a5 = 0.36, a5, = 0.45,A3; = 1.2, A3, = 1,A3, = 0.9, a3; = 0.32,
@z = 0.37, a3, = 0.45,8;;, = 0.06, 8, = 0.05, 855, = 0.05.(23)

The total factor productivities are different between three economies. Country 1’s total factor
productivity is highest and Country 3’s total factor productivity is lowest. We call countries
1,2and 3 respectively as highly developed, developed, and lowly developed economies
(HDE, DE, LDE). The output elasticities with respect labor and capital also vary between
countries. We specify the values of the parameters, a;, in the Cobb-Douglas productions
approximately equal to 0.3. The depreciation rate of physical capital is specified near 0.05. We
specify the household preferences of the three economies as:
Y10 = 0.06,7]10 = 007, 610 = 01, 110 = 0.73,}/20 = 006, Moo = 006, 520 = 01,

/‘120 = 007, Y30 = 0.06,7’)30 = 005, 630 = 01, 130 = 0.68. (24)

The HDE’s propensity to save is 0.73, the DE’s propensity to save is 0.7, and the LDE’s
propensity to save is 0.6. We specify the human capital accumulation as follows:

Vie = 1.2,v; = 3,vy, = 1.2,v,, =1.2,a4, = 0.3, b, = 0.5,a,; = 0.4,a,, = 0.1,
a;s = 03,7, =0.1,my; = 0.7, 1y, = 0.1, 7,5, = 0.1, 6, = 0.05,v,, = 1.1,v,;, = 2.7,
Vyp = 1,05 = 1,a5, =0.3,b,, =0.5,a,; =04,a,, =0.1,a,, =0.3,7,, =01,
my; = 0.7, 1y, = 0.1, 1,5 = 0.1,8,, = 0.05,v;3, = 1,v5; = 2.5,v5, = 1,v3, = 1,a3, = 0.3,
b;. =0.5,a;; =0.4,a;3, =0.1,a3, = 0.3, 13, = 0.1, 13, = 0.7, 13, = 0.1, 13, = 0.1,
&5, = 0.05.(25)

The human capital depreciation rates of the three economies are equal. The HDE’s human
capital accumulation efficiency due to education v,,, is highest, the DE’s is next, and the LDE’s
is lowest. Similarly, the specified values in (24) imply that the HDE is most effective in
accumulating human capital, the DE is next, and the LDE is least effective. As we already
provided the procedure to follow the motion of each variable in the system, it is straightforward
to plot the motion with computer. We specify the initial conditions as follows:
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k,;(0) = 7.4,k,(0) = 230, k3(0) = 139, H,(0) = 92, H,(0) = 84, H;(0) = 67.

It should be noted that this case was already examined by Zhang (2014). We just summarize
the simulation results by Zhang. The motion of the system is given in Figure 1. In the figure the
GDPs per capita and the global GDP are defined as follows

Fji +p;sF +P
g] ]S Je Je ’ Y = Z( i T p]S + p]'eF}e)'

The HDE’s GDP per capita and human capital are enhanced over time, the other two
countries’ GDP per capita and human capital are lowered. The HDE’s total labor force and
capital stocks employed are augmented and the other two economies’ total labor forces and
capital stocks employed are lowered. The prices of education and non-tradable goods fall
slightly in the three economies. The rate of interest falls and the wage rates are increased. The
HDE'’s wage income per capita is increased, and the other two economies’ wage incomes per
capita are reduced. The labor and capital are redistributed between the three sectors in each
economy over time. The system approaches an equilibrium point in the long term.
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Figure 1. The Motion of the Global Economy

It should be noted that much of the discussion of income convergence in the literature of
economic growth and development is based on the insights from analyzing models of closed
economies (Barro and Sala-i-Martin, 1995). It is obviously strange to discuss issues related to
global income and wealth convergence with a framework without international interactions.
The reason for this is that there are few growth models with endogenous wealth and trade on
the basis of microeconomic foundation. Figure 1 does not demonstrate that different countries
will experience convergence in per capita income, consumption and wealth in the long term.
As Barro (2013: 327) observe, “The data reveal a pattern of conditional convergence in the
sense that the growth rate of per capita GDP is inversely related to the starting level of per
capita GDP, holding fixed measures of government policies and institutions, initial stocks of
human capital, and the character of the national population. With respect to education, growth
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is positively related to the starting level of average years of school attainment of adult males at
the secondary and higher levels.” Our model shows different patterns. We show that the
representative household from a country with higher GDP per capita spends more time on
education. From Figure 1 we observe that the system becomes stationary in the long term.
Following the Lemma under (15), we calculate the equilibrium values of the variables as

follows
r 0.041\ /P1 0.87\ [P1s 1.02\ /91 114.6
(1) - (5550 (3 - (050) () - (18) () - ()
Y 2017/ \p3 0.98/ \P3s 1.07/ \g3 37.3
E, 11.86\ /N, 223.6\ [Me 0.0022\ /Mis 0.30
<E2> = (—2.92>,<N2> = (273.6),(7129) = (0.0033),(7125) = <0.29>,
E, —8.95/ \Nj 308.8/ \nz. 0.0058/ \nz. 0.28
K, 1864\ [Ki 2151\ [kq; 7.98\ /kis 9.13
() _ (5) 7| - ()(k) - (8.78),(k25) - (10.5),
K; 2743/ \R, 2526/ \kj; 8.27/ \kj; 10.3
Fy; 395\ /Fie 1.74\ /Fis 1741\ /W, 447
() - (38) () - (0. (1)  (3e3). () - (352),
Fs; 518/ \Fs, 5.34/ \Fy 207.6/ \W; 15.4

Hy 109.7 Tie 0.35 51 58.9 C1s 34.8
()= (759 ). (1) - (031). (=) - (353). (e = (204)
H; 58.2 T, 0.27/ \C3 18.6/ \Css 10.4

i\ 74303
ky | = (247.4).

k) \126.3

It is straightforward to calculate the six eigenvalues as follows
{—0.23,—-0.22,—-0.20, —0.04, —0.04, —0.04}.

This implies that the world economy is stable. This implies that we can effectively conduct
comparative dynamic analysis.

4. Comparative Dynamic Analysis

We simulated the motion of the dynamic system. This section examines effects of changes in
some parameters. It is important to ask questions such as how a change in one country’s
conditions affects the national economy and global economies. First, we introduce a variable
Ax(t) to stand for the change rate of the variable x(t) in percentage due to changes in the
parameter value.

Fluctuations in the total factor productivity of the HDE’s tradable sector

First, we study effects of the HDE'’s technological change in the tradable sector on the global
economy. It has been argued that productivity differences explain much of the variation in
incomes across countries, and technology plays a key role in determining productivity. We
see what will happen to the global economy when the total factor productivity of the HDE's
tradable sector experiences the following fluctuations:

Ay;(t) = 1.3 + 0.1sin(t).

The simulation result is plotted in Figure 2. As the system contains many variables and these
variables are connected to each other in nonlinear relations, it is difficult to verbally explain
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these interactions over time. As the total factor productivity is fluctuated, the output levels of
the three economies’ tradable sectors are oscillatory. The output of the HDE’s non-tradable
sector is oscillatory and the output levels of the other two economies’ non-tradable sectors are
reduced initially and are slightly affected in the long term. The human capital levels are slightly
affected. The FDE’s education fee and education time fluctuate, while the other economies’
education fees and education times are slightly affected. The trades and rate of interest
oscillate. The wealth levels and consumptions do not fluctuate in any economy.
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Figure 2: Fluctuations in the Total Factor Productivity of the HDE’s Tradable Sector

Fluctuations in the HDE’s propensity to receive education
We now study effects of the following fluctuations in the HDE’s propensity to receive education
N10(t) = 0.07 + 0.01 sin(t).

The simulation result is plotted in Figure 3. As the representative household’s preference to
receive education fluctuates, they cause oscillations in the global wealth and global product.
The trade patterns are affected periodically. There are also periodic changes in the other
variables as shown in Figure 3.
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Figure 3: Fluctuations in the HDE’s Propensity to Receive Education

Fluctuations in the HDE’s efficiency of applying human capital
We now show effects of the following fluctuations the HDE’s human capital utilization
efficiency:

m,(t) = 0.9 + 0.05 sin(t).

The simulation result is plotted in Figure 4. The parameter changes cause fluctuations in the
global wealth and global product. There are slight changes in the human capital levels. The
wage rates and rate of interest fluctuate. The output levels of the tradable sectors and trade
patterns fluctuate.
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Figure 4: Fluctuations in the HDE’s Efficiency of Applying Human Capital
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The LDE’s propensity to consume non-tradable goods
We now study what will happen to the global economy when the LDE’s propensity to consume
the non-tradable good fluctuates as follows:

¥o3(t) = 0.06 + 0.01 sin(t).

The simulation result is plotted in Figure 5. As the preference is oscillatory, the global wealth
and global output fluctuate. Although there are fluctuations in the economic structure and labor
distribution in the LDE, the other two economies are slightly affected.
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Figure 5: The LDE’s Propensity to Consume Non-tradable Goods

Fluctuations in the LDE’s propensity to save
We now allow the LDE’s propensity to save to experience the following perturbations:

The simulation results are plotted in Figure 6. We observe that fluctuations in the propensity to

save cause weak perturbations in the world economy. A reason is that the effects of saving
and dissaving balance each other over time.
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Figure 6: Fluctuations in the LDE’s Propensity to Save

5. Concluding Remarks

This paper generalized the multi-country growth model with capital accumulation, human
capital accumulation, economic structure and international trade by Zhang (2014) by making
all the time-independent parameters as time-dependent parameters. Each national economy
consists of one tradable, one non-tradable and one education sector. National economies are
different in propensities to save, to obtain education and to consume, and in learning abilities.
The model integrates the Solow growth model, the Uzawa two-sector growth model, the
Uzawa-Lucas two-sector growth model, and the Oniki-Uzawa trade model within a
comprehensive framework. Human capital accumulation is through education in the
Uzawa-Lucas model, Arrow’s learning by producing, and Zhang’s learning by consuming
(creative learning). The behavior of the household is described with an alternative approach to
household behavior. The model describes a dynamic interdependence between wealth
accumulation, human capital accumulation, division of labor, and time distribution between
education and work under perfect competition. We simulated the model to demonstrate
existence of equilibrium points, motion of the dynamic system, and oscillations due to different
exogenous shocks. Our model may be extended in different directions. We may introduce
some kind of government intervention in education. There are many models which address
issues related to taxation, education policy, distribution of income and wealth, and economic
growth (e.g., Bénabou, 2002; Glomm and Kaganovich, 2008). The Solow model, the Uzawa
two-sector growth, the Oniki-Uzawa trade model, and the Uzawa-Lucas models are most
well-known models in the literature of growth theory. The author introduces Zhang’s utility and
concepts of current income and disposable income indifferent formal economic models
(Zhang, 2016a, 2016b, 2018, 2019). Many limitations of our model become apparent in the
light of the sophistication of the literature based on these models.

23



Oradea Journal of Business and Economics, Volume V, Special Issue
Published on June 2020

Appendix: Proving the Lemma

We check the lemma. We omit time in expressions. From (2), we have: kj; = ao; kjs, (A1)
where
—T

/ js ﬁji

From (4) and (5), we determine p;, as a unique function of k;; as follows:

a;
js

Aji ﬁjl aoj ai-ajs

js ii .

Ajs ﬁ]s J

By (5) and (7) p; are determined as unique functions of k;;. From (2), we determine r and w,

as unique functions of k;;. From (4), we k;; as unique functions of k,; as follows:
1/Bji

J=1,..,].(43)

Aji aji

=Bji
Aji aq; ky;

k]'i=
_61 +6k

We have r, pjs, p;, wj, kjs and kj; as unique functions of k;;.

From (4) and (7), we obtain  kj;. = a; kj;, (A4)
where
_ Ye Bji
C @i Bie

We also determine k;, as functions of kj;;. From (A4), (4) and (7), we obtain
Bj
Ji Hji Bj
i =———k., (A5
p; 4, q, (A45)

where §; = B, — fj;- We solve p; as functions of k,;. By (12), we solve w; and p; as functions
of ky; and H;. From (7) and (16), we have:

o pOj Tje

je
N;j

. (46)

where py; = Bj.p;N;/w;. From (A6) and (2), we solve:
(ki — kys) N; + (kjs — kje) Poj Tre 0= (kji — k;) N; + (kje — kji) Po; Tie
(kji = kjs) N; o (kji = kjs) N;

nj; = (A7)

From (17) and (13), we have )
_NiBisviy;

n.
js BV
w; N;

(A8)

where we also use w; = BspjsFjs/N;s. From (A7) and (A8), we solve:

ki — kDN Boe v 7
(kji = kp)N; + (kje = kji)Po; Tie = (ks ]Szv_] Pis 11,
J

.(A9)
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m;j - _ .
Insert N; = H, 'T;N; and Tj, = n; y;/p; in (A9)'

T: =

; k k ,(A10)

where
1 [(ki = k)N Bio i (Kiw = kit )pos 17
W (kyi, Hy) = — (ki 15). i Bjs vj _( je _J.l)poj il
H. 7 N; Wj pj

Jj
From (9) and in (13), we have:  T; =T, — Ww; y;, (A11)
where w; = n;/p;. From (A10) and (A11), we have k; = k;; — %) .(A12)

To w]y]

FromK; = k; Ty H;'’ Nj, (A11) and (A12), we have:  K; = hy, k; + hy,, (413)

where we use the definition of 7, and  hj; = —(1 + 1) (W; kj; + W,-)I-Ijmf N;,

m; - - =N m; - _

Insert (A13) in (18)
J

Ri=fe=— Z(N h)k; — Zhﬂ.

j=1

Al the variables can be expressed as functions of k;;, (H;), {k;}, and t by the procedure in
the Lemma. From the procedure in the Lemma and (15), we have:

Here, we don'’t provide explicit expressions of the functions as they are tedious. Substituting
the definition of y; into s; = A; y; yields:
Substituting (A16) into (14), we have:

. _ N,

k1 = /’{1 TO Wl —R k1 - _1k1, (A17)

Ny
fg=R= 4 Tow,—(1 =2 — A7) k; — "Ej,j =2,..J,(A18)
J'

inwhichR =1 — 4, — A, r. Taking derivatives of equation (Al14) with respect to t yields:

P = A, i Z Z_ dA, aAk 419
1‘aku 4 aH ’ak ¢ A1
where we use (A15) and (A18). Equallng the nght hand sizes of equations (A19) and (Al17),
we get:

]
P aAk _ 0N, 0N | f0ANTT
u=M =AM Tyw, —RA, — faH L T o .(A20)
j=1 j=2 / '

In summary, we proved the Lemma.
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