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Abstract: The study builds a model of dynamic interactions between the birth rate, the
mortality rate, the population, wealth accumulation, time distribution between work, leisure
and children caring, habit formation and preference change. The production technology and
markets are built on the Solow growth model. We base our modeling the population
dynamics on the Haavelmo population model and the Barro-Becker fertility choice model.
This study takes account of habit formation and preference change. Although it is influenced
by the Ramsey growth theory with time preference and habit formation, it uses Zhang’s
approach to the household with habit formation and preference change. We synthesize
different dynamic forces in a compact framework, using the utility function proposed by
Zhang. Analytically, we focus on transitional processes as well as economic equilibrium. As
the economic system is given by autonomous nonlinear differential equations, it is not easy
to analyze its behavior. We simulate the model to demonstrate the existence of an
equilibrium point and plot the motion of the dynamic system. We examine the effects of
changes in weights given to the habit stock of children, the wife’s wage rate having negative
impact on the propensity to have children, the wife weighing less the habit stock of leisure
time, the wife’s habit stock of leisure time having negative impact on the husband’s
propensity to use leisure time, the wife’s wage rate having negative impact on the husband’s
propensity to use leisure time, woman’s human capital being improved, a rise in the total
factor productivity, and the mother spending more time on each child fostering.

Keywords: habit stock; preference change; gender discrimination; propensity to have
children; birth and mortality rate; population growth; gender difference in time distribution;
wealth accumulation.
JEL classification: J11; J12; J13; N3.

1. Introduction
The main purpose of this study is to examine dynamic relations between economic growth,
population growth, and preference change. Preference change has been recognized by
economists even since Adam Smith, it may be claimed that economics still lacks proper
analytical frameworks for analyzing interactions between preference change, population
change, and economic growth. In The Theory of Moral Sentiments, Adam Smith observes:
“The man who lives within his income is naturally contented with his situation, which, by
continual, though small accumulations, is growing better and better every day. He is enabled
gradually to relax, both in the rigour of his parsimony and in the severity of his application; and
he feels with double satisfaction this gradual increase of ease and enjoyment, from having felt
before the hardship which attended the want of them.” Fisher (1930: 72) observes the influence
of wealth and income on preference difference: “Poverty bears down heavily on all portions of a
man’s expected life. But it increases the want for immediate income even more than it
increases the want for future income.” According to Fisher (1930: 81): “In the case of primitive
races, children, and other uninstructed groups in society, the future is seldom considered in its
true proportions.” Fisher also discusses interactions between cultures and other factors such
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as self-control, habit, concerns for the lives of other people, and fashion. There are empirical
studies which confirm existence of interdependent relations between preference changes and
other changes in social and economic conditions (Fuchs, 1982; Horioka; 1990; Olsen, 1993;
Sheldon, 1997, 1998; Becker and Mulligan, 1997; Kirby et al. 2002; and Chao et al., 2009).
The modeling of preference change in this study is influenced by the ideas about the time
preference change and habit formation in the Ramsey-type neoclassical growth theory. Becker
and Mulligan (1997: 729) observe: “Time preference plays a fundamental role in theories of
saving and investment, economic growth, interest rate determination and asset pricing,
addiction, and many other issues that are getting increasing attention from economists. Yet,
since Samuelson’s (1937) discounted utility model, rates of time preference are almost
invariably taken as “given” or exogenous, with little discussion of what determines their level.”
An early formal modeling of endogenous time preference was proposed by Uzawa (1968).
There are other studies on the implications of endogenous time preference for the
macroeconomy (Epstein and Hynes, 1983; Obstfeld, 1990; Shin and Epstein, 1993; Palivos et
al. 1997; Drugeon, 1996, 2000; Stern, 2006; Meng, 2006; Dioikitopoulos and Kalyvitis, 2010).
The studies show that endogeneity of time preference is necessary to properly deal with
economic growth and development. This study applies the basic ideas in the literature of habit
formation and preference change. The idea of habit formation or habit persistence was
introduced to formal economic analysis by Duesenberry (1949). Becker (1992) explains: “the
habit acquired as a child or young adult generally continue to influence behavior even when the
environment changes radically. For instance, Indian adults who migrate to the United States
often eat the same type of cuisine they had in India, and continue to wear the same type
clothing.” The idea of habit formation is applied to different economic issues (e.g., Pollak,
1970; Mehra and Prescott, 1985; Sundaresan, 1989; Abel, 1990; Constantinides, 1990; de la
Croix, 1996; Ravn et al. 2006; and Campbell and Cochrane, 1999; Boldrin et al. 2001; Huang,
2012). This study applies these ideas to explain habit formation and preference change in a
neoclassical growth model.
The economic production and markets are based on the neoclassical growth theory. The
seminal paper in the field is the Solow model. The neoclassical growth theory is mainly
concerned with endogenous physical capital or wealth accumulation in freely competitive
markets (Solow, 1956; Burmeister and Dobell, 1970; Azariadis, 1993; Barro and Sala-i-Martin,
1995). The model of this study is built within the framework of neoclassical growth theory. We
follow the Solow model in modeling economic production and wealth accumulation. This study
introduces habit formation of children and endogenous preference change in having children to
neoclassical growth theory. Since Malthus published his An Essay on the Principle of
Population in 1798, different economists proposed different ideas about interdependence
between population change and economic growth. In the last two hundred years countries
have experienced different patterns of population changes. This study deals with dynamic
interactions between wealth accumulation and population dynamics with endogenous birth
rate, mortality rate and gender time distribution. Population change is the net result of birth rate
and mortality rate. In the literature of population dynamics many factors are supposed to be
related to birth rates (Barro and Becker, 1989; Becker et al., 1990; Kirk, 1996; Galor and Weil,
1996; Galor and Weil, 1999; Doepke, 2004; Adsera, 2005; Bhattacharya and Qiao, 2007;
Manuelli and Seshadri, 2009; Chu et al., 2012; Bosi and Seegmuller, 2012; Hock and Weil,
2012; Varvarigos and Zakaria, 2013). Aging become a great concern in many modern
economies. Given the population structure, aging is closely related to mortality rate (Cigno and
Rosati, 1996; Robinson and Srinivasan, 1997; Schultz, 1993, 1998; Blackburn and Cipriani,
2002; Chakraborty, 2004; Hazan and Zoabi, 2006; Heijdra and Romp, 2008; Ludwig and Vogel,
2009; Lee and Mason, 2010; Balestra and Dottori, 2012; Lancia and Prarolo, 2012; and Ludwig
et al., 2012).
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To explain birth and mortality rates we need to take account of gender differences in behaviour.
As Flabbi (2010: 745) observes: “Even if wages and earnings for women and men in the
United States have experienced a significant convergence in the 1970s and 1980s, their
ratio has remained roughly constant at 75% since the mid-1990s… The United States is not
an exception among OECD countries: they rank more or less average, with Northern
European countries traditionally showing the lowest differentials and Japan the highest.
These differentials persist after conditioning on observable productivity characteristics… .”
Endogenous preferences should help to explain complicated patterns of gender division of time
(e.g., Goodfriend and McDermott, 1995; Kelly, 1997; Edmonds and Pavcnik, 2006). It should
be noted that this study is to integrate three models by Zhang (2012, 2013, 2015). Zhang
(2015) develops a growth model with endogenous birth and mortality rates. Zhang (2012,
2013) builds the Solow-type models on the basis of the habit formation and time preference in
the Ramsey-type growth theory. The rest of the paper is organized as follows. Section 2
defines the growth model with habit and preference dynamics. Section 3 deals with dynamic
properties of the model and simulates the motion of the economy. Section 4 carries out
comparative dynamic analysis studies effects of changes in some parameters on the system.
Section 5 makes concluding remarks.

2. The basic model
The model is a synthesis of the three models by Zhang (2012, 2013, 2015). The model is built
on the Solow growth model in describing the production sector (Solow, 1956). The economy
has a single production sector, producing a single commodity for consumption and investment.
Capital depreciates at a constant exponential rate,  k , which is independent of the manner of
use. Technology of the production sector is characterized of constant returns to scale. All
markets are perfectly competitive. Factors are inelastically supplied and the available factors
are fully utilized at every moment. Saving is undertaken only by households. All earnings of
firms are distributed in the form of payments to factors of production. Households own assets of
the economy and distribute their incomes to consumption, child bearing, and wealth
accumulation. The population of each gender is homogeneous. We assume that each family
consists of husband, wife and children. All the families are identical. We use subscripts q  1
and q  2 to stand for man and woman respectively. We follow the same spirit as described
by Albanesi and Olivetti (2009: 82): “Since the purpose of this paper is to study the joint
determination of gender differentials in labor market outcomes and in the household division
of labor, we abstract from modelling marriage decisions ...”. We use N t  to stand for the

population of each gender. Let Tq t  and Tq t  stand for work time and time spent on taking

care of children of gender q and N t  for the flow of labor services used in time t for
production. Let

N q t  stand for the qualified labor force of gender q . We have

N q t   hq Tq t  N t , N t   N1 t   N1 t ,
where hq is the level of human capital of gender q .
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2.1. The production sector
The production sector uses capital and labor as inputs. Let K t  stand for the capital stock at
time

t . We use F t  to represent the output level. The production function is
F t   A K  t  N  t ,  ,   0 ,     1,

(2)

where A is the total productivity of the production sector, and  and  are respectively the
constant output elasticities of capital and qualified labor input. Markets are competitive; thus
labor and capital earn their marginal products, and firms earn zero profits. We denote wt  the
wage rate of per unit of qualified work time in the labor market. The marginal conditions are

r t    k 
where

 F t 
K t 

, wt  

 F t 
N t 

,

(3)

wq t  are the wage rates of per unit of work time by gender q

w1 t   h1 wt , w2 t   h2 wt .
2.2. The current and disposable incomes
We use an alternative approach to modelling consumer behaviour proposed by Zhang (1993).
The representative household chooses the consumption level of commodity, leisure time, work
time, number of children, as well as on amount of saving. We use k t  to stand for wealth per

household, i.e., k t   K t  / N t . The per household current income y t  from the interest
and wage payments as follows

yt   r t  k t   w1 t T1 t   w2 t T2 t .
The total value of wealth that a representative household can sell to purchase goods and to

save is equal to k t . We assume that selling and buying wealth can be conducted
instantaneously without any transaction cost. The per capita disposable income of the
household is defined as the sum of the current income and the wealth available for purchasing
consumption goods and saving

yˆ t   yt   k t .

(4)

2.3. The cost of children caring
Let n t and pb t  stand for the birth rate and the cost of birth at time. Following Zhang (2012,



2013), we assume that children will have the same level of wealth as that of the parent (see
also Barro and Becker, 1989; Becker, 1981). In addition to the time spent on children, the cost
of the parent is given by

pb t   nt  k t .
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In some societies, women are the primary providers of child care. We consider the following
relation between fertility rate and the parent’s time on raising children

Tq t    q nt ,  q  0 .

(6)

The specified function form implies that if the parents want more children, they spend more
time on child caring. This requirement is strict as child caring tends to exhibit increasing return
to scale.
2.4. The budget and time constraint
The household distributes the total available budget between saving, s t  , consumption of
goods, c t  , and bearing children, pb t . The budget constraint is

pt ct   st   k t nt   yˆ t .

(7)

We consider that except work and child caring, parents also have their leisure. We denote the
leisure time of gender q by Tq t . An adult is faced with the following time constraint

~

~
Tq t   Tq t   Tq t   T0 ,
where

(8)

T0 is the total available time for leisure, work and children caring. Insert (8) in (7)

~
~
pt ct   st   k t nt   T1 t  w1 t   T2 t  w2 t   T1 t  w1 t   T2 t  w2 t   y t ,
(9)
where

y t   1  r t  k t   w1 t   w2 t T0 .
The right-hand side is the “potential” income that the family can obtain by spending all the
available time on work. The left-hand side is the sum of the consumption cost, the saving, the
opportunity cost of bearing children, and opportunity cost of leisure. Insert (6) in (9)

~t nt   T~ t  w t   T~ t  w t   y t ,
ct   st   w
1
1
2
2
where

~t   k t   h wt , h   h  1    h .
w
1 1
2 2
The variable

~t  is the opportunity cost of children fostering.
w
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2.5. The utility and optimal behavior

Following Zhang (2015), we assume that the utility is dependent on c t  , s t  , Tq t , and

~

nt  as follows

~
~
U t   c0 t  t  s 0 t  t T1 01t  t T2 02 t  t nv0 t  t ,
where

 0 t   0 is called the propensity to consume, 0 t   0 the propensity to own wealth,

 0q t   0 the gender q' s propensity to use leisure time, and v0 t   0 the propensity to

have children. Maximizing U t  subject to (10) yields

 q t  y t 
 t  y t 
~
ct    t  y t , st    t  y t , Tq t  
, nt   ~
,
wq t 
wt 

(11)

where

 t    0 t   t ,  t   0 t   t , Tq t    0 q t   t , vt   v0 t   t ,
~

 t  

1

 01t   01t    01t    02 t   0 t 

.

2.6. The time preference and the propensity to hold wealth
Following Zhang (2012, 2013), we now introduce preference changes. The modeling of the
preference is strongly influenced by the literature of the neoclassical growth model with habit
formation and preference change (e.g., Dornbusch and Frenkel, 1973; Persson and Svensson,
1985; Epstein, 1987; Chang et al. 2011; Blanchard and Fischer, 1989; Orphanides and Solow,
1990; Das, 2003; Smithin, 2004; Kam and Mohsin, 2006; and Hirose and Ikeda, 2008). Zhang
(2012, 2013) forms endogenous change in the propensity to save on the basis of the literature
about growth and preference change. According to Zhang, the propensity to save adapts to the
wealth, wage rates in the following way

0 t     1 w1 t   2 w2 t ,

(12)

where   0 , 1 , and 2 , are parameters. This is a simplified form the preference. For
simplicity, the propensity to save is assumed to be proportional to the wealth, wage rates.
When w  q  0 , the propensity to hold wealth is constant. We don’t specify the signs of

q

in this stage of the analysis because the propensity to save may be positively or negatively

related to these variables.
2.7. The habit formation for consumption and the propensity to consume consumer
goods
We now model endogenous change in the propensity to consume goods. We base the ideas of
habit formation in the literature of economic growth (Deaton and Muellbauer, 1980; Carroll,
2000; Amano and Laubach, 2004; Alvarez-Cuadrado et al., 2004; Gómez, 2008; Corrado
and Holly, 2011). We build the habit formation with regard to consumer goods as follows
12
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 c t   ˆ ct    c t ,

(13)

where  c t  is the stock of habit with regard to the consumption good. A larger value for

ˆ

implies lower weights given to more distant values of the levels of consumption. The parameter
measures the relative weights of consumption at different times. This formation is based on the
internal habit formation in the literature. If the current consumption is higher than the level of the
habit stock, then the level of habit stock tends to rise, and vice versa. Following Zhang (2012),
we assume that the propensity to consume is a function of the wage incomes and the habit
stock as follows

0 t     1 w1 t    2 w2 t    h  c t ,
where

  0 , q ,

and

h  0

(14)

are parameters. It is reasonable to assume that the birth and

mortality rates will also affect the propensities to consume. As shown in the appendix, it is
straightforward to take account of these factors. If  q  0 and  h  0 , the propensity is
constant. The term
rates. If

 q wq t  implies that the propensity to consume is affected by the wage

 w  () 0 ,

then a rise in the wage rate raises (reduces) the propensity to consume.

It is reasonable to assume

w  0,

at least for normal goods. If the goods under consideration

are inferior, the sign may be opposite. In reality, relations between wage and consumption are
very complicated (e.g., Lusardi, 1996; Storesletten, et al. 2004; and Lise and Seitz, 2011). The
term h t  implies that if the habit stock is increasing, the propensity to consume will rise,
and vice versa.
2.8. The habit formation for leisure times and the propensity to use leisure
The change in the propensity to use leisure is similar to the change in the propensity to
consume consumer goods. Similar to (14), the evolution of the habit stock for leisure time
 hq t  is





~
 hq t   ˆ q Tq t    hq t  , q  1, 2 ,
where

ˆ q

(15)

is a non-negative parameter, measuring the relative weights of leisure time at

different times. If the current leisure time is more than the level of the habit stock, the level of
habit stock tends to rise, and vice versa. The propensities to use leisure time are specified as

 0q t    q   q1 w1 t    q 2 w2 t   ~q1  T 1 t   ~q 2  T 2 t , q  1, 2 ,
where

q

The term

are positive parameters, and signs of the parameters

 jq wq t  implies

 qj

and

~qj

(16)

are ambiguous.

that the propensity to use leisure time is affected by the wage

rates.
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2.9. The habit formation for having children and change in the propensity to have
children
The evolution of the habit stock for having children  b t  is

 b t   ˆ b nt    b t ,
where

̂ b

(17)

is a non-negative parameter, measuring the relative weights of birth rate at

different times. The propensity to have children is specified as

v0 t   vˆ  v1 w1 t   v2 w2 t   vb  b t ,
where the parameter v̂ is positive and signs of

(18)

vq and vb are ambiguous.

2.10. The birth and mortality rates and population dynamics
According to the definitions, the population change follows

N t   nt   d t  N t ,

(19)



where n t and d t  are respectively the birth rate and mortality rate. The birth rate is given
by (11). Influenced by different approaches in the literature of economic growth and population
dynamics (e.g., Haavelmo, 1954; Razin and Ben-Zion, 1975; Stutzer, 1980; Yip and Zhang,
1997; Chu et al., 2012), Zhang assumes that the mortality rate is negatively related to the
disposable income in the following way

d t  
where

 N b t 
y a t 

,

(20)

  0 , a  0 . We call  the mortality rate parameter. As in the Haavelmo model, an

improvement in living conditions implies that people live longer. The term N t  takes
account of possible influences of the population on mortality. Insert (11) and (20) in (19)
b

  y t   N b t  
 N t .
N t    ~
 a



w
t


y
t



(21)

2.11. Wealth dynamics
We now find dynamics of wealth accumulation. According to the definition of s t  , the change
in the household’s wealth is given by

k t   st   k t    t  y t   k t .
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2.12. Demand for and supply of goods
The national saving is the sum of the households’ saving. As output of the capital goods sector
is equal to the net savings and the depreciation of capital stock, we have

S t   C t   K t    k K t   F t ,
where S t   K t  

 k K t 

(23)

is the sum of the net saving and depreciation and

S t   st  N t , C t   ct  N t , K t   k t  N t .
We have thus built the dynamic model. It should be noted that the model is general in the sense
that the Solow model and the Haavelmo model can be considered as special cases of our
model. Moreover, as our model is based on some well-known growth models with habit
formation and preference change and includes some features which no other single
theoretical model explains, we should be able to explain some interactions which other formal
models fail to explain. We now examine dynamics of the model.

3. The dynamics and its properties
This section examines dynamics of the model. First, we introduce z t   r t  

 k  / wt .

We show that the dynamics can be expressed by six differential equations with z t , N t ,

 c t ,  1 t ,  2 t , and  b t  as the variables.

Lemma
The dynamics of the economic system is governed by the six differential equations

~
z   z z ,  c ,  h1 ,  h 2 ,  b , N ,
~
 c  c z ,  c ,  h1 ,  h 2 ,  b , N ,
~
 Tq  q z ,  c ,  h1 ,  h 2 ,  b , N , q  1, 2 ,
~
 b  b z ,  c ,  h1 ,  h 2 ,  b , N ,
~
(24)
N   N z ,  c ,  h1 ,  h 2 ,  b , N ,
where the functions  m z ,  c ,  h1 ,  h 2 ,  b , N  are functions of z t ,

~

 c t ,  hq t ,

 b t , and N t  defined in the Appendix. Moreover, all the other variables are determined

 c t ,  hq t ,  b t , and N t : k t  by (A11) → r t  and wq t 
~
by (A2) → y t  by (A3) → ct , st , Tq t , and nt  by (11) → Tq t  by (6) → Tq t  by
as functions of z t ,

(A4) → N t  by (1) → K t  by (A1) → F t  by (2).

The differential equations system (24) has six variables. As demonstrated in the Appendix,
the expressions are complicated. It is difficult to explicitly interpret economic implications of
the six equations. For illustration, we simulate the model to illustrate behavior of the system.
15
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In the remainder of this study, we specify the depreciation rate by

 k  0.05 ,

and let

T0  24. We specify the other parameters as follows

  0.34 , 0  0.6 ,  0  0.2, v0  0.4,  10  0.15 ,  10  0.15 , A  1,
a  0.3 , b  0.3 , h1  3 , h2  2.4 , 1  2 ,  2  5 ,   1,   0.6 ,

1  2   0.01,  1  0.15 ,  2  0.16 ,
 11   21  ~11  ~22  0.001,  12   22  ~12  ~21   0.001,   0.2 ,
      0.001,   0.4 , v  v  v  0.001, ˆ  ˆ  ˆ  ˆ  0.4.
1

2

h

1

2

b

1

2

b

The total productivity and the output elasticity of the production sector are respectively 1
and 0.34 . It should be noted that both in theoretical simulations and empirical studies the
output elasticity of capital in the Cobb-Douglas production is often valued approximately equal
to 0.3 and the value of the total productivity is chosen to be close to unity (e.g., Miles and Scott,
2005; Abel et al, 2007). Although the chosen values of the preference parameters are not
empirically based, we choose the coefficients associated with the wage and wealth very
small so that we may effectively analyze the effects of changes in these coefficients on the
economic structure. To follow the motion of the system, we specify the initial conditions

z0  1.9 , N 0  30 ,  c 0  21,  h1 0  11,  h 2 0  16.5 ,  b 0  0.58.
The simulation result is plotted in Figure 1. The population rises from its low initial condition.
The birth rate falls and mortality rate rises over the simulation period. The initial value of the
habit stock of birth rate is much lower than the birth rate. The low habit stock reduces the
birth rate. The wealth and opportunity cost of children rise. The labor force, total capital and
output are increased. The wage rates are enhanced and rate of interest is reduced. The
falling in birth rate is associated with falling in both man’s and woman’s time of children
fostering. Both men and women work less hours and have more leisure hours. Both
consumption level and habit stock of consumption level are augmented. The (relative)
propensity to save falls. The father’s (mother’s) propensity to have leisure rises (falls). The
propensity to have children falls.
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Figure 1: The Motion of the Economic System

It is straightforward to confirm that all the variables become stationary in the long term. This
implies the existence of an equilibrium point. The simulation confirms that the system has an
equilibrium point. We list the equilibrium values of the variables as follows

N  33.06 , K  398.5 , N  1377.8 , F  903.7 , n   b  d  0.62 , r  0.72 ,
~  69.5 , k  61.7 , T  10.8 , T  3.87 ,
w1  1.3 , w2  1.04 , w
1
2
~
~
T1   h1  11.96 , T2   h 2  17.03 , T1  1.24 , T2  3.1, c   c  24.25 ,

  0.38 ,   0.15 ,  1  0.096 ,  2  0.109 , v  0.266 .
We calculate the six eigenvalues:

 0.4 ,  0.3998,  0.387 ,  0.387  0.06 ,  0.326 ,  0.186.
As the six eigenvalues are negative, the equilibrium point is locally stable. Hence, the
system always approaches its equilibrium point if it is not far from the equilibrium point.

4. Comparative dynamic analysis
We simulated the motion of the national economy. We now examine how the economic system
reacts to some exogenous changes. As the lemma provides the computational procedure to
calibrate the motion of all the variables, it is straightforward to examine effects of change in any
parameter on transitory processes as well stationary states of all the variables. We use a
variable xt  to stand for the change rate of the variable xt  in percentage due to changes
in the parameter value.
4.1. More weights being given to the habit stock of children
Values of children for parents are changeable due to so many possible factors such as
economic conditions and cultural values, social customs, and traditions. We assume that the
17
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propensity to have children is affected by the habit stock of children. We now study how the
economic system will be affected if more weight is given to the habit stock of children is the
following way: vb : 0.001  0.01. The simulation result is plotted in Figure 2. The propensity to
have children is enhanced as people weigh more on the family size in the past. It should be
noted that in modern developed economies vb seems to be declining. As more weight is given
to the habit stock of children, the population increased. The birth rate, the habit stock of birth
rate and the mortality rate are enhanced. The labor force and national output falls initially and
rises in the long term. The rate of interest rises and the wage rates are reduced. The household
wealth, consumption level, and opportunity cost of children fostering rise initially and fall in the
long term. The parents work less hours and spend more time on taking care of children. The
leisure times rise initially and fall in the long term. The propensities to save and to consume
fall. The father’s and mother’s propensities to have leisure fall. The propensity to have
children rises.

Figure 2: More Weights Being Given to the Habit Stock of Children
4.2. The wife’s wage rate having negative impact on the propensity to have children
As the woman’s social status and attitudes toward work and children are changed, the family’s
propensity for children may be influenced. We now allow the wife’s wage to have negative
impact on the propensity to have children in the following way: v2 : 0.001   0.005. This
implies that a rise in the mother’s wage rate reduces the propensity to have children. The
simulation result is plotted in Figure 3. The birth and mortality rates and the population fall.
The labor force, national capital stock and national product rise initially and fall in the long term.
The rate of interest falls and the wage rates rise. The household wealth, opportunity cost of
children fostering, and consumption level fall initially and rise in the long term. The parents
increase work hours and reduce hours of children fostering. The parents initially spend less
leisure time and more leisure time in the long term. The propensities to save and to consume
are enhanced. The father’s and mother’s propensities to have leisure fall. The propensity to
have children falls.
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Figure 3: The Wife’s Wage Rate Reducing the Propensity to Have Children
4.3. The wife weighing less the habit stock of leisure time
We now study how the national economy and household behavior are affected if women weigh
more the habit stock of leisure time in the following way: ~22 : 0.001   0.001. The
simulation result is plotted in Figure 4. This implies that the mother’s habit stock of leisure time
has negative impact on the propensity to use leisure time. The birth rate rises. The mortality
rate falls initially and rises in the long term. The population, the labor force, national capital
stock and national product are enhanced. The rate of interest rises and the wage rates fall. The
household wealth, opportunity cost of children fostering, and consumption level are enhanced.
The husband works less hours and spends more time on leisure and the wife works more
hours and reduces leisure time. The parents initially spend more hours on taking care of
children. The propensities to save and to consume are enhanced. The father’s and mother’s
propensities to have leisure fall. The propensity to have children rises.

Figure 4: The Wife Weighing Less the Habit Stock of Leisure Time
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4.4. The wife’s habit stock of leisure time having negative impact on the husband’s
propensity to use leisure time
We now study how the national economy and household behavior are affected if women weigh
more the habit stock of leisure time in the following way: ~12 :  0.001  0.003. The
simulation result is plotted in Figure 5. The birth rate rises. The mortality rate falls initially and
rises in the long term. The population, the labor force, national capital stock and national
product are reduced. The rate of interest falls and the wage rates are enhanced. The
household wealth, opportunity cost of children fostering, and consumption level are reduced.
The husband works less hours and spends more time on leisure and the wife works more
hours and reduces leisure time. The parents reduce hours on taking care of children. The
propensities to save and to consume are lowered. The father’s propensity to have leisure
rises and mother’s propensity to have leisure falls. The propensity to have children falls.

Figure 5: The Wife’s Habit Stock of Leisure Time Having Negative Impact
4.5. The wife’s wage rate having negative impact on the husband’s propensity to use
leisure time
We now study how the national economy and household behavior are affected if the wife’s
wage rate has negative impact on the husband’s propensity to use leisure time as follows:
 12 :  0.001  0.003. The simulation result is plotted in Figure 6. The birth rate falls. The
mortality rate rises initially and rises in the long term. The population, the labor force, national
capital stock and national product are reduced. The rate of interest falls and the wage rates are
enhanced. The household wealth, opportunity cost of children fostering, and consumption level
are reduced. The husband works less hours and spends more time on leisure and the wife
works more hours and reduces leisure time. The parents reduce hours on taking care of
children. The propensities to save and to consume are lowered. The father’s propensity to
have leisure rises and mother’s propensity to have leisure falls. The propensity to have
children falls.
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Figure 6: The Wife’s Wage Rate Having Negative Impact on the Husband’s Propensity to Use
Leisure Time
4.6. Woman’s human capital being improved
We now enhance the mother’s human capital as follows: h2 : 2.4  2.6. The results are
plotted in Figure 7. As the mother accumulates more human capital, her wage income is
increased. As the mother earns more per unit time, she works more and has less leisure time.
The opportunity cost of child fostering is increased in association with the mother’s wage rising.
The father’s wage is slightly affected. The father works less and stays longer at home. Both the
mother and father shorten time of children fostering. The family consumes more and has more
wealth. The capital, total labor input and output are increased. The mortality rate falls in
association with improved living conditions. The net impact of falling birth and mortality rates
increases the population. The propensity to save is reduced and the propensity to consume is
enhanced. The man’s propensity to use leisure time is increased and woman’s propensity to
use leisure time is reduced. The propensity to have children is increased.

Figure 7: Woman’s Human Capital Being Improved
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4.7. A rise in the total factor productivity
We now allow the total factor productivity to be increased as follows: A : 1  1.05. An
immediate consequence of the change enhances the output level and wage rates. The
household wealth and opportunity cost fall initially and increase in the long term. The birth
rate is increased. The mortality rate is reduced initially and enhanced in the long term. Both
the man and woman work more hours. They spend less leisure hours and more hours on
children caring. The national wealth, the population, the labor input, and national output are
augmented. The propensity to save falls. The propensities to consume and to have children
are enhanced. The propensities to have leisure rise initially and fall in the long term.

Figure 8: A Rise in the Total Factor Productivity
4.8. The mother spending more time on each child fostering
We now consider that the mother spends more hours with each child as follows:  2 : 5  5.5.
The father’s time on children caring is slightly reduced and the mother’s time is increased.
Both the father and the mother spend less time on leisure. The mother works more hours
and the father works less hours. The mother spends more time on child fostering and the
father spends less time on child fostering. The wage rates are enhanced. The opportunity
cost of children fostering falls initially and is increased in the long term. The household
wealth is reduced. The population and the mortality rate fall. The rate of interest falls. The
total wealth, total labor input and output are all reduced. The family consumes less.
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Figure 9: The Mother Spending More Time on Each Child Fostering

5. In conclusion
This study is concerned with economic growth and population change with habit formation and
preference change within the analytical framework of the Solow one sector growth model. The
study built a model of dynamic interactions between the birth rate, the mortality rate, the
population, wealth accumulation, time distribution between work, leisure and children caring,
habit formation and preference change. The production technology and markets were built on
the Solow growth model. We based our modeling the population dynamics on the Haavelmo
population model and the Barro-Becker fertility choice model. This study also took account of
habit formation and preference change. Although it is influenced by the Ramsey growth theory
with time preference and habit formation, it used Zhang’s approach to the household with habit
formation and preference change (Zhang, 2012, 2013). The study focuses on interactions
among capital accumulation, economic structure, labor and capital distribution, habit formation
and time preference in an integrated framework. We synthesized these dynamic forces in a
compact framework, using the utility function proposed by Zhang. Analytically, we focus on
transitional processes as well as economic equilibrium. As the economic system is given by
autonomous nonlinear differential equations, it is not easy to analyze its behavior. We
simulated the model to demonstrate the existence of an equilibrium point and motion of the
dynamic system. We also examined the effects of changes in weights given to the habit stock
of children, the wife’s wage rate having negative impact on the propensity to have children, the
wife weighing less the habit stock of leisure time, the wife’s habit stock of leisure time having
negative impact on the husband’s propensity to use leisure time, the wife’s wage rate having
negative impact on the husband’s propensity to use leisure time, woman’s human capital being
improved, a rise in the total factor productivity, and the mother spending more time on each
child fostering. Our comparative dynamic analysis provides some insights into the complexity
of dynamic processes of economic changes. For instance, when more weight is given to the
habit stock of children, the propensity to have children is enhanced the population is increased;
the birth rate, the habit stock of birth rate and the mortality rate are enhanced; the labor force
and national output falls initially and rises in the long term; the rate of interest rises and the
wage rates are reduced; the household wealth, consumption level, and opportunity cost of
children fostering rise initially and fall in the long term; the parents work less hours and spend
more time on taking care of children; the leisure times rise initially and fall in the long term; the
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propensities to save and to consume fall, the father’s and mother’s propensities to have
leisure fall; and the propensity to have children rises. There are many ways to generalize and
extend our model. An obvious limitation of our model is that children caring function exhibits
constant return to scale in the parent’s time spent on children caring. It is possible to
generalize our model by applying more general production or utility functions. Our research
may also be extended and generalized to study some observed phenomena related to
gender, human capital and economic development.
Appendix: Proving the lemma
We now show that the dynamics can be expressed by differential equations. From (3), we
get

z

r   k ~ N

,
w
K

(A1)

~   /  . Insert (A1) in (2) and (3)
where 


z
 ~ 
r   A  ~    k , w   A   , w1  w h1 , w2  w h2 .
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We treat r ,

w

and wq as functions of z . From the definition of

y  1  r k  h0 w ,

(A2)

y and (3) we have
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were h0  h1  h2 T0 . Use (8) and (11)
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Insert (A3) in (A4)
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where

  h1 1  h2  2 , ~
r  h1 ~
r1  h2 ~
r2 , h0  h1 r1  h2 r2 , ~
r0  h1 r1  h2 r2 .
From (16) we have
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Under this requirement it is straightforward to see that
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k . We solve (A10), treating k as the variable
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From (A11) we determine k as a function of z ,

 c ,  hq , and  b . We follow the following

 c ,  hq ,  b , and N : k by (A11) →
~
r and wq by (A2) → y by (A3) → c , s , Tq , and n by (11) → Tq by (6) → Tq by (A4)

procedure to determine the variables as functions z ,

→ N by (1) → K by (A1) → F by (2). From this procedure, (13), (15), (17), (21), and (22),
we have

~
 c  c z ,  c ,  h1 ,  h 2 ,  b , N ,
~
 Tq  q z ,  c ,  h1 ,  h 2 ,  b , N ,
~
 b  b z ,  c ,  h1 ,  h 2 ,  b , N ,
~
(A12)
N   N z ,  c ,  h1 ,  h 2 ,  b , N ,
~
(A13)
k  k z ,  c ,  h1 ,  h 2 ,  b , N .
We don’t provide explicit expressions of the above equations as the expressions are tedious.
From (A11), we have
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Insert (A12) in (A14)
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From (A13) and (A15) we solve
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We thus proved the lemma.
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